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QUANTUM LOGIC USING THREE ENERGY LEVELS 

1,0 CROSS REFERENCE TO RELATED APPLICATIONS 
5 [0001] This application claims priority to United States Provisional Patent 
Application No. 60/429,170, entitled "Degenerate Level Qubit Operations," filed 
November 25, 2002 and United States Provisional Patent Application No. 60/443,764, 
"Degenerate Level Qubit Operations," filed on January 29, 2003, which are hereby 
incorporated by reference in their entireties. 

1.0 FIELD OF THE INVENTION 

[0002] The present invention relates generally to the field of quantum computing. 
More specifically the present invention relates to apparatuses suitable for use as qubits 
in a quantum computing system and methods of performing quantum computing with 
one or more qubits. 

2.0 BACKGROUND 
2.1 QUBITS 

[0003] A quantum bit or qubit is the building block of a quantum computer in the 
20 same way that a conventional binary bit is a building block of a classical computer. 

The conventional binary bit always adopts the values 0 and 1 . The values 0 and 1 can 
be termed the states of a conventional bit. A qubit is similar to a conventional binary 
bit in the sense that it can adopt states as well. The states of a qubit are referred to as 
the |0> basis state and the |1> basis state. During quantum computation, the state of a 
25 qubit is defined as a superposition of the |0> basis state and the |1) basis state. This 

means that the state of the qubit simultaneously has a nonzero probability of occupying 
the |0> basis state and a nonzero probability of occupying the |1> basis state. The ability 
of a qubit to have a nonzero probability of occupying a first basis state (|0» and a 
nonzero probability of occupying a second basis state (|1» is different fi-om a 
30 conventional bit, which always has a value of 0 or 1 . 

[0004] Qualitatively, a superposition of basis states means that the qubit can be in 
both basis states |0> and (|1» at the same time. Mathematically a superposition of basis 
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states means that the overall state of the qubit, which is denoted 14^), has the form 

|4'> = a|0> + p|l> 

where a and p are probability amplitudes. The terms a and p each have real and 
imaginary components. Typically, when the state of a qubit is measured (e.g., read 
out), the quantum nature of the qubit is temporarily lost and the superposition of basis 
states collapses to either the |0> basis state or the |1> basis state, thus regaining its 
similarity to a conventional bit. The actual state of the qubit after it has collapsed 
depends on the probability amplitudes a and P immediately prior to the readout 
operation. 

2.2 BASIC REQUIREMENTS FOR REALIZING QUANTUM COMPUTING 

[0005] The ability of a qubit to adopt a superposition of its basis states is one basis 
for the power harnessed by a quantum computer. However, in order to be useful in a 
quantum computer, the qubit must be combined with other qubits to form a quantum 
register. In fact, the capacity for a quantum register to represent information grows 
exponentially with the number of qubits in the quantum register. The computing power 
and nature of quantiun computers are known and described in the art. See, e.g., Shor, 
U.S. Patent No. 5,768,297, which is hereby incorporated by reference in its entirety. 

[0006] In addition to the requirement of combining qubits into a quantum register, 
DiVincenzo sets forth a number of requirements necessary to realize a physical system 
that is capable of quantum computation. See DiVincenzo, in Scalable Quantum 
Computers, chapter 1, 2001, Wiley- VCH Verlag GmbH, Berlin, which is hereby 
incorporated by reference in its entirety. These requirements include the need to 
initialize the state of the qubits to a simple fiducial state, the need for long relevant 
decoherence times, a "universal set" of quantum gates, and qubit-specific measurement 
capability. 

[0007] Qubits made using unconventional superconducting materials {e.g., d-wave 
superconductors) separated by clean Josephson jimctions have been studied for their 
quantum computing potential. See, for example. United States Patent 6,459,097 to 
Zagoskin, which is hereby incorporated by reference in its entirety. In a clean 
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Josephson junction, the critical current (Ic) versus magnetic field (H) characteristic 
obeys a Fraunhofer-like behavior. See, for example, NicoUeti et a/., 1996, Physica C, 
269, p. 255, which is hereby incorporated by reference in its entirety. Because of the 
unique properties of d-wave materials, such devices possess a double well potential 
5 energy landscape. Each well in the double well potential energy landscape can serve as 
a basis state for a qubit. To better imderstand such devices, the properties of 
superconducting materials, double well potentials, and an example of a 
superconducting qubit having a double well potential will be described in the following 
sections. 

10 2.3 SUPERCONDUCTING MATERIALS 

[0008] Superconductors, when cooled below a characteristic superconducting 
transition temperature, Tc, have the ability to transmit electric current without 
resistance. There are several types of superconducting materials, including s-wave 
15 (conventional superconductors) and d-wave (unconventional superconductors). To 
better explain the terms "unconventional superconductor" and "conventional 
superconductor," a brief review of the superconducting art is provided. 

[0009] Conventional superconductors are described by Bardeen, Cooper, and 
Schrieffer ("BCS") theory, in which the superconducting electrons are paired in a zero 

20 net momentum and spin state by weak attractive interactions (weak-coupling 
approximation) between the electrons. It is held that the attraction between the 
electrons is mediated via the lattice vibrations (that is, phonons). These pairs of 
electrons are referred to as Cooper pairs. The relative orbital angular momentum of the 
Cooper pair can have a value of zero ("s-wave"), one ("p-wave"), two ("d-wave"), and 

25 so forth. A short range interaction can only lead to s-wave pairing. This simplest 
situation (s-wave pairing) is found in conventional (s-wave) superconductors. 

[0010] A few years after BCS theory was formulated, Kohn and Luttinger 
examined the possibility of generating a weak residual attraction out of the Coulomb 
repulsion between electrons. They found that this attraction could occur in principle, 
30 but only for higher angular momentum, when the electrons in the Cooper pairs are 

prevented from close encounters by the centrifugal barrier. In certain "heavy- fermion" 
materials, e^., uranium containing materials, superconductivity may be p-wave in 
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nature. The term "unconventional superconductor" includes all superconducting states 
with any deviation from the ordinary BCS type of pairing. That is, materials in which 
the relative orbital angular momentum has a value other than zero (e.g., p-wave, d- 
wave materials). 

5 [001 1] Examples of unconventional superconducting materials include, but are not 
limited to, heavy fermions (e.g., UPta and URu2Si2), Sr2Ru04 and the high-Tc cuprates 
{e.g, YBa2Cu307.x, Lai.85Bao,i5Cu04, Tl2Ba2Cu06+x, and Hga8Tlo.2Ba2Ca2Cu3O8.33). 
YBa2Cu307-x is also referred to as YBCO. Conventional superconducting materials 
include, but are not limited to, alimiinum (Tc = 1.175 K), niobium (Tc = 9.25 K), and 
10 indiimi (Tc = 3.4 K), where Tc is the transition temperature of the material. That is, for 
temperatures above Tc, the material is not superconducting while for temperatures 
below Tc, the material can be superconducting. 
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2.4 DOUBLE WELL POTENTIAL 



[0012] Systems useful for quantum computing include devices and/or structures 
(e.g., qubits) that are described by a potential energy landscape that includes a double 
well potential. A double well potential 100 is depicted in Fig. lA. Double well 
potential 100 describes, for example, the potential energy landscape {e.g., a series of 
20 quantized energy levels) of a qubit that has basis states |0) (100-0) and |1> (100-1). As 
such, states 100-0 and 100-1 (Fig. 1) represent the ground state energy levels of the 
system. 

[0013] A double well potential typically has degenerate energy levels between each 
of the potential wells, such that the energy levels in different wells can have the same 
25 associated energy. In Fig. 1 A, energy levels 100-0 and 100-1 are degenerate, and 
typically the potential wells can have many possible energy levels. 

[0014] In double well potential 100, ground states 100-0 and 100-1 correlate with 
the phase states +A(t) and -A(|). Superconducting phase qubits are known in the art and 
are described, for example, in United States Patent No., 6,459,097 Bl to Zagoskin, and 
30 Amin et al.. United States Patent Application Serial No. 09/872,495, filed June, 2001, 
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which are hereby incorporated by reference in their entireties. 

2.5 AN EXEMPLARY SYSTEM THAT HAS A DOUBLE WELL POTENTIAL 

5 [0015] Examples of systems that can have a double well potential are 

superconducting Josephson phase qubits. For example, United States Patent No. 
6,459,097 to Zagoskin describes superconducting Josephson phase qubits based on the 
degenerate ground states of supercurrent at d-wave/d-wave (DD) jxmctions. United 
States Patent No. 6,459,097 to Zagoskin is hereby incorporated by reference in its 
10 entirety. 

[0016] The basis states of the superconducting Josephson phase qubit coincide with 
the phase of the qubit. The phase of a phase qubit, is the superconducting phase of an 
island of superconducting material within the qubit, or the gauge invariant phase 
difference across a Josephson junction within the qubit. The d-wave superconducting 
15 material used in superconducting Josephson phase qubits exhibits an anisotropic order 
parameter that restricts supercurrent to one or more preferred directions within the 
material. These restricted directions are correlated with the orientation of the order 
parameter that is, in turn, correlated with the orientation of the crystal lattice of the d- 
wave materials used in the junction. 

20 [0017] Because of the anisotropic order parameter, a Josephson junction formed out 
of d-wave superconducting materials can be designed to introduce a phase shift 
between the superconducting regions that they separate. In this way, a clean Josephson 
junction between two d-wave materials having mismatched orientations introduces a 
phase shift between the two materials. 

25 [0018] irichev et al. describes a system that includes a mesoscopic Josephson 
junction (0.5 and 0.7 micrometers) formed in a loop with a macroscopic Josephson 
junction. See Il'ichev et aL, 2001, Physical Review Letters 86, 5369, Fig. 1, which is 
hereby incorporated by reference in its entirety. The system described in irichev is 
used to explore properties of small Josephson junctions and details the experimental 

30 observation of a doubly degenerate ground state energy of the system. See Il'ichev et 
a/., p. 1, second column, first complete paragraph. 
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[0019] The doubly degenerate ground state referred to in irichev et aL is correlated 
with the respective phase shift across the mesoscopic Josephson junction. This doubly 
degenerate ground state results from the fact that, although the magnitude of the phase 
shift is fixed, the sign of the phase shift can be either positive or negative. 

[0020] If a conventional Josephson junction (S-S) was used in the Il'ichev et al. 
structure rather than the unconventional (D-D) Josephson junction, there would be no 
phase shift. Thus, the resulting potential landscape versus phase for the system would 
have only a single potential well with a ground state (state of minimum energy) 
occurring at zero phase. However, when a finite (non-zero) phase shift is introduced, 
by using the Josephson jimction described above (a D-D junction), the potential 
landscape versus phase forms a double well potential. This double well potential has a 
first minimum energy correlated with the positive phase difference and a second 
minimum energy correlated with the negative phase difference. H'ichev et al 
illustrates the free energy as a ftmction of phase difference across the mesoscopic 
Josephson junction (weak link) and shows the formation of a double well energy 
structure with respect to phase. See Figure 5 on page 4 of Il'ichev et al 

[0021] irichev et al. states that, under certain misorientation angles (the degree of 
misalignment between the banks on each side of a grain boundary junction), the first 
harmonic for the Josephson current density of a Josephson junction between misaligned 
d-wave superconductors is suppressed and the second harmonic dominates the current, 
irichev et aL fiirther states that the suppression of the first harmonic and the 
dominance of the second harmonic leads to a doubly degenerate ground state for the 
jimction. (Il'ichev et aL, page 2, column 1, last sentence of the third paragraph). 



2.6 THE UNIVERSAL SET OF QUANTUM GATES REQUIREMENT 

[0022] As discussed in Section 2.2, above, any physical system capable of quantimi 
computation provides a universal set of quantum gates so that the state of each qubit in 
the physical system can evolve in a controlled manner. The minimum set of gates 
requfred to realize a imiversal set of quantum gates is set forth by DiVincenzo in 
Scalable Quantum Computers, Wiley- VCH, Berlin, 2001, Braunstein and Lo, eds; as 
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well as Dodd et aL, "Universal quantum computation and simulation using any 
entangling Hamiltonian and local unitaries," Phys. Rev. A 65, 040301R, 2002, which 
are hereby incorporated by reference in their entireties. In brief, a imiversal set of 
quantum gates includes single qubit operations as well as at least one two-qubit 
operation. 

[0023] A single qubit is a vector l^^) = a\0} + fe|l> parameterized by two complex 
numbers, a and b, satisfying |flrp + |6|^=1. Operations on a qubit must preserve this 
norm, and thus such operations are described by 2x2 matrices. Examples of 2x2 
matrices include the Pauli matrices 



[0024] The Pauli matrices Ox, Cy, and Cz give rise to the rotation operations Rx(0), 
Ry(9), and Rz(0), respectively. The rotation operations Rx(9), Rz(9), and Ry(6) each 
apply a single qubit operation to the state of the qubit over an angle of rotation, or 
phase of evolution, 0 of the quantum state of the qubit. See for, example, p. 174 of 
Nielsen and Chuang, 2000, Quantum Computation and Quantum Information^ 
Cambridge University Press, Cambridge, UK which is hereby incorporated by 
reference in its entirety. The Pauli matrices can be used in combination to create 
desired qubit single qubit gates. One useful single qubit gate is the Hadamard gate: 
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The Hadamard gate can be constructed for applications of the Rx(Q), and Rz(6), 
rotation operations. 

2.7 THE SINGLE QUBIT Rx(e) OPERATION 

5 

[0025] When the phase of evolution is n, the Rx(7i) operation represents a NOT 
gate. The NOT gate is defined by its truth table, in which an initial qubit state 14^1) = 
a|0> + P|l>, is converted the new state |^f> = P|0> + a|l>. That is, appUcation of Rx(7r) 
to a qubit that is entirely in the |0> basis state will cause the qubit to shift entirely to the 
10 |1> basis state. Similarly, application of Rx(7i) to a qubit that is entirely in the |1> basis 
state will cause the qubit to shift entirely to the |0> basis state. 

[0026] When the phase of evolution is n/2, the Rx(7i/2) operation represents half a 
NOT gate. When the phase of evolution is n/3, the Rx(7r/3) operation represents a third 
of a NOT gate. When the rotation angle of a single qubit gate can be continuously 
15 varied the type of single qubit operation can be continuously varied. 



2.7.1 ACHIEVING THE Rx(G) OPERATION BY TUNNELING 

[0027] In one implementation, the Rx(6) operation has been realized in a system 
20 having a double well potential and a natural tunneling element. In this implementation, 
a system having a double well potential where the barrier separating each of the 
potential wells is relatively small is required. The relatively small barrier is needed so 
that the probability for the state of the system to tunnel through the barrier will be 
greater than zero. Tunneling of the state of a system is a well-known effect in quantum 
25 mechanics. 

[0028] In classical mechanics, for a particle occupying a ground state to move to 
another state (e.g,, another ground state in a degenerate system), the particle must 
possess more potential energy than the energy barrier that separates the two states. 
However, if the particle is govemed by quantum mechanics, it is possible for the 
30 particle to tunnel through the potential barrier separating the two states even when the 
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particle does not have sufficient potential energy to pass over the potential energy 
barrier separating the two states. See, for example, Atkins, 1983, Molecular Quantum 
Mechanics, Oxford University Press, New York, pp. 41-44. Atkins explains that a 
particle (e.g., a Cooper pair) may be fovmd inside a classically forbidden region 
5 (forbidden because the particle does not have sufficient potential energy to be in the 
region). Atkins calls this effect "penetration of the barrier" or "tunneling." 

[0029] In this implementation of an Rx(0) operation, the qubit oscillates between 
information states (basis states or two superposition states) at a given firequency 
correlated with the probability for the state of the system to tunnel under the barrier. 

10 The Rx(0) operation occurs unprompted by outside signals, with the magnitude of the 
phase evolution 6 (or angle of rotation) of this Rx(9) operation proportional to the time 
it is left isolated. This results in a system that undergoes undesired evolution when it is 
isolated. Because of this undesired evolution, a scheme for applying pulses to recouple 
the information in the system is required. Recoupling can be implemented using 

15 known procedures. See Lidar et aL United States Patent Application Serial. No. 
60/370,087, which is hereby incorporated by reference in its entirety. 

[0030] Although Rx(9) operations that make use of a natural tunneling element are 
functional, they are unsatisfactory in practice because the recoupling schemes 
necessary to prevent imdesired evolution require additional resources, increasing the 
20 cost of the quantum computing system; Therefore, quantum computing systems that 
implement Rx(6) operations by relying on tunneling between the basis states of a qubit 
are complicated to make and use because of the need to implement schemes to recouple 
the information in the system after application of the Rx(0) operation. 

2.7.2 ATTEMPTING TO IMPLEMENT AN Rx(e) OPERATION IN A DOUBLE 
25 WELL POTENTIAL SYSTEM USING AN EXTERNAL SIGNAL 

[0031] In a second implementation, Rx(0) has been attempted in a system having a 
double well potential by application of a high frequency alternating signal to excite the 
system to an energy level above the middle barrier (110 of Fig. 1 A). In the second 
30 implementation, the high frequency alternating signal flips the information state of the 
system from |0> to an energy level above the center barrier, referred to as |4> in Fig. 1 
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on p. 054527-2 of Zhou et aL, 2002, Phys. Rev. B, 66, 054527-1, which is hereby 
incorporated by reference in its entirety. 

[0032] In a second step, a second high frequency alternating signal is applied to flip 
the information state from the energy level labeled |4) to the energy level |1>. Although 
5 the Zhou et al, system does not require schemes to recouple the information in the 

system after application of the Rx(6) operation, the system has its own drawbacks. The 
Zhou et al. system has no Rx(Q) dynamics when isolated. Further, the Zhou et al. 
system does not implement a single qubit gate that can be used for universal quantum 
computation. Unlike a tunneling operation, implementation of the NOT scheme of 
10 Zhou et al. is irreversible and does not function for a superposition of states. 

2.7.3 ATTEMPTING TO IMPLEMENT AN Rx(e) OPERATION IN A DOUBLE 
WELL POTENTIAL SYSTEM USING A SWITCH ABLE ELECTRIC FIELD 

[0033] In a third implementation, Rx(6) has been attempted in a system having 
15 three energy levels. Two of the three energy levels may have about the same energy 
and the third energy level, denoted |c>, is greater than the other two. Such a system is 
illustrated in Fig. 8 and further described in Barone et al, "Quantum Computational 
Gates with Radiation Free Couplings," ArXiv.org cond-mat/0203313, {e.g.. Fig. 1) 
which is hereby incorporated by reference in its entirety. In the third implementation, 
20 no high frequency altemating signal is applied. This flips the information state of the 
system from |0> to the |c> energy level . 

[0034] Barone et al. uses radiation free couplings to perform limited forms of 
quantum logic gates. The operations are defined as static interactions between the first 
two levels and the third higher energy level. The Barone et al system includes a 

25 normal metal {i.e., non-superconducting) ring interrupted by a plurality of insulating 
layers threaded by a static magnetic flux. In particular, Barone et al, uses a transverse 
electric field applied to a normal metal ring that is interrupted by a plurality of 
insulating layers in order to generate a discrete set of gates. Barone et aL do not use 
electro-magnetic radiation to effect qubit operations. While Barone et al. does make use 

30 of the third energy level, they do not create a set of gates that have a continuos angle of 
rotation, 9, with respect to the quantimi state of the qubit. 
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[0035] Given the above background, what is needed in the art are improved 
systems and methods for implementing an Rx(©) operation. Such systems and methods 
are necessary in order to provide devices that possess all the requirements necessary to 
perform quantum computing in a cost-effective manner. 

5 

3.0 SUMMARY OF THE INVENTION 

[0036] The present invention addresses the problems foimd in the prior art. One 
embodiment of the present invention provides apparatus and methods capable of 

10 implementing an Rx(0) operation using a tunneling scheme without expensive 

recoupling schemes. Another embodiment overcomes the limitations of the Zhou et al. 
system so that it may be used to implement an Rx(0) operation. Thus, the present 
invention provides systems and methods that implement single qubit operations in a 
more cost effective and efficient manner. Such systems and methods are therefore 

15 useful in important fields such as quantum computing. 

[0037] One embodiment provides a method for quantum computing with a quantum 
system comprising a first energy level, a second energy level, and a third energy level. 
The first energy level and the second energy level are capable of being degenerate with 
respect to each other. The method comprises applying a signal having an altemating 

20 amplitude to the quantum system. The frequency of the signal correlates with (i) an 
energy level separation between the first energy level and the third energy level or (ii) 
an energy level separation between the second energy level and the third energy level. 
The signal induces an oscillation in the state of the quantimi system between the first 
energy level and the second energy level. In some embodiments, the first energy level 

25 and the second energy level form the basis states of a qubit. As used herein, a quantimi 
system is any system that adheres to the laws of quantum mechanics. 

[0038] Another embodiment provides a method for quantum computing with a 
quantum system having a first pair of degenerate energy levels and a second pair of 
degenerate energy levels. The method comprises appljdng a first signal having an 
30 altemating amplitude for a first time period to the quantum system. The frequency of 
the first signal correlates with the energy level separation between an energy level in 
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the first pair of degenerate energy levels and an energy level in the second pair of 
degenerate energy levels. The method further comprises allowing the system to evolve 
fi-eely for a second time period. The method additionally comprises reapplying said 
first signal for a third time period. In some embodiments, the third time period is the 
same as the first time period. 

[0039] Another embodiment provides a method for quantum computing with a 
quantum system comprising a first energy level, a second energy level and a third 
energy level. The method comprises inducing oscillations in the state of the quantiun 
system between the first energy level and second energy level by : 

(i) applying a first signal having an altemating amplitude to the quantum system 
for a first time period, wherein the fi-equency of the first signal correlates with an 
energy level separation between the first energy level and the third energy level, 

(ii) applying a second signal having an altemating amplitude to the quantum 
system for a second time period, wherein the fi-equency of the second signal correlates 
with an energy level separation between the second energy level and the third energy 
level; and 

(iii) reapplying the first signal to the quantum system for a third time period, 
wherein the fi-equency of the signal correlates with the energy level separation between 
the first energy level and the third energy level. 

[0040] Yet another embodiment provides a method for performing a readout 
operation of a quantiun system having a first energy level, a second energy level, and a 
third energy level. The third energy level has a measurable escape path. The method 
comprises applying a signal having an altemating amplitude to the quantum system. 
The fi-equency of the signal correlates with the energy level separation between the first 
energy level and the third energy level. The method fiirther comprises determining 
when the system has escaped the third energy level through the measurable escape path. 

[0041] Still another embodiment of the present invention comprises a qubit that 
includes a Josephson junction formed by the intersection of a first bank of 
unconventional superconducting material and a second bank of unconventional 



12 



CAI:36I9I2J 



superconducting material. The basis states of the qubit are represented by the 
degenerate ground state energy levels of the Josephson junction. 

[0042] Other embodiments of the present invention include a qubit comprising a 
molecule having a first and a second ground state, the ground states corresponding to 
5 energy levels in a double well energy potential, and the double well energy potential 
having an associated tunneling amplitude. A Rabi oscillation between the first basis 
state and second basis state of the molecule is induced. The tunneling amplitude, 
expressed in frequency units, is less than the frequency of the Rabi oscillation. In some 
of these embodiments, the tunneling amplitude, expressed in frequency units, is 

10 approximately equal to or less than the arithmetic inverse of a decoherence time 

associated with the qubit. In some of these embodiments, the molecule is comprised of 
a chemical entity (e.g.^ compound) comprising an element that is in a reduced state 
(e.g., the element is hydrogenated with two or more hydrogen atoms). In some of these 
embodiments, the molecule is of the form XY3 where X is an atom such as arsenic, or 

15 phosphorous, and wherein each Y is the same or different and is independently selected 
from the group consisting of hydrogen, deuterium, and tritium. In some of these 
embodiments, the chemical entity is asine (AsHa) or phosphine (PH3). 



4.0 BRIEF DESCRIPTION OF THE FIGURES 

20 

[0043] Fig. 1 A illustrates a double well potential in accordance with the prior art. 

[0044] Fig. IB illustrates a double well potential in accordance with one 
embodiment. 

[0045] Fig. IC illustrates the oscillation of the state of a system, as a probability of 
25 energy level population, as a frmction of rotation angle during application of an 
altemating signal, in accordance with one embodiment. 

[0046] Fig. ID illustrates the evolution of a system as a probability of the 
occupation of the system states with respect to the rotation angle or period of evolution, 
in accordance with one embodiment. 

30 [0047] Fig. IE illustrates the evolution of a system as a probability of the 
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occupation of the system states with respect to the rotation angle or period of evolution, 
in accordance with one embodiment. 

[0048] Fig. 2 illustrates a biased double well potential in accordance with one 
embodiment. 

5 [0049] Fig. 3 illustrates a pulse sequence in accordance with one embodiment. 

[0050] Fig. 4 illustrates another double well potential, in accordance with one 
embodiment. 

[0051] Fig. 5 illustrates a pulse sequence in accordance with one embodiment. 

[0052] Figs. 6A and 6B illustrate systems capable of supporting a double well 
10 potential, in accordance with various embodiments 

[0053] Fig. 7 illustrates a microscopic system capable of supporting a double well 
potential, in accordance with various embodiments. 

[0054] Fig. 8 illustrates a A-shaped configuration of energy levels in accordance 
with the prior art. 

15 [0055] Like reference numeral refer to corresponding parts throughout the several 
views of the drawings. 

5.0 DETAILED DESCRIPTION 

20 [0056] The present invention provides multiple embodiments. A first aspect of the 
invention is applicable to systems described by a degenerate double well potential (Fig. 
IB) in which signal is applied. It was an unexpected discovery of the present invention 
that the applied signal in the presence of a selected auxiliary level is sufficient for 
coherent control of a qubit. The extemal signal may be used to apply an Rx(0) 

25 operation in systems described by a degenerate double well potential. This aspect of the 
invention is described in Section 5.1 below. 

[0057] A second aspect of the invention extends the work of Zhou et al. so that an 
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Rx(6) operation may be efficiently performed on systems having a biased 
(nondegenerate) double well potential. In this second aspect of the invention, a third 
pulse is used to achieve a proper Rx(0) [quantum NOT] operation. This aspect of the 
invention is described in Section 5.2, below. A third aspect of the invention applies 
5 quantum gates in quantum systems that have two or more pairs of degenerate energy 
levels. This aspect of the invention is described in Section 5.3, below. 

[0058] A fourth aspect of the invention describes an Rx(0) operation that can be 
efficiently performed on systems for a continuos range of rotation angles 0. In this 
fourth aspect of the invention, detuning of pulse or variation of amplitudes of in-pulse 
10 sequences is used to effect an Rx(0) that is a proper quantum NOT operation. This 
aspect of the invention is described, for example, in Sections 5.1 and 5.2, below. 



5.1 Rx(e) OPERATION IN SYSTEMS DESCRIBED BY A DEGENERATE 

POTENTIAL WELL 

15 

[0059] In one aspect of the present invention, Rx(6) operations are performed on 
systems described by a degenerate double well potential 190 (Fig. IB) by creating 
dynamics in the system that reproduce the effect of a tunnel matrix element. Such 
systems have at least three energy levels, at least two of which are degenerate (i.e., 

20 have the same energy value). For example, in one embodiment, the system has 

degenerate quantized energy levels 100-0 and 100-1 separated by energy barrier 110 
(Fig. IB). Degenerate quantized levels 100-0 and 100-1 are isolated by larger energy 
barriers 111 and 112. The system further includes quantized energy level 100-2 that is 
at an energy level greater than that of barrier 110. In Fig. IB, energy level 100-2 is 

25 depicted as the next energy level above barrier 110. However, in practice, energy level 
100-2 is any energy level above barrier 110 that is constrained by barriers 111 and 112. 
Thus, there is no requirement that energy level 100-2 be the next energy level above 
barrier 110. 

[0060] The energy levels that fall below barrier 110 are doubled. Therefore, in 
30 systems in accordance with this aspect of the present invention, each energy level 

below barrier 1 10 in well 160-1 (Fig. IB) has a corresponding level in potential well 
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160-2 with the same energy level. Fig. IB depicts one such set of degenerate energy 
levels, 100-0 and 100-1. However, it is possible for systems in accordance with this 
aspect of the invention to have more than just one set of degenerate energy levels in 
potential energy wells 160-1 and 160-2. 

5 [0061] Physically, when a system in accordance with this aspect of the invention is 
in its ground state, it occupies the lowest energy levels or groimd state energy. In Fig. 
IB, degenerate energy levels 100-0 and 100-1 represent the groimd state energy of 
potential wells 160-1 and 160-2. For operation of a system described by potential 
energy diagram 190 (Fig. IB) as a qubit, ground state energy levels 100-0 and 100-1 
10 are typically treated as the basis states, denoted |0> and |1>. 

[0062] In this aspect of the invention, an altemating signal is applied to a system 
described by potential energy diagram 190 (Fig. IB). These transitions can be treated 
as an implementation of Rx(6) and hence can be used to realize universal quantimi 
computing. More specifically, when an altemating signal having a frequency that 

15 depends on the energy difference between energy levels (states) 100-2 and 100-1 is 
applied to the system, the system state will undergo Rabi oscillations between energy 
levels 100-0 and 100-1. Here, the energy difference between energy levels 100-2 and 
100-1 is the same as the energy difference between energy levels 100-2 and 100-0 
because they are degenerate (/.e., they have the same energy). The frequencies coo2 and 

20 (Oi2 depend on the respective energy level difference as ©02 = (E100-2 - Eioo-o) and ©12 = 
(Eioo-2 - Eioo-i), where h = 1 throughout the present invention, a one of skill in the art 
will realize that h can be multiplied onto any angular frequency variable in order to get 
the corresponding energy value with correct unit conversion. The notation Eioo-x refers 
to the energy of energy level 100-X. 

25 [0063] Unexpectedly, it has been determined that the applied altemating signal will 
cause the state of the system to oscillate between the ground state energies 100-0 and 
100-1 and the excited energy state 100-2 (Fig. IB) at frequencies that are determined, 
in part, by the amplitude (i.e., square root of power) of the applied signal. To illustrate, 
consider the case in which a qubit is in an initial state |0> (e.g.^ the qubit is in state 100- 

30 0 of Fig. IB). Fig. IC illustrates the oscillation of the state of the system (as a 
probability of energy level population) as a frinction of rotation angle during 
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application of the alternating signal. As illustrated, the system begins in state |^> = |0> 
at t = 0, and evolves as a superposition of the three respective states (states 100-0, 100- 
1 and 100-2). The evolution of the state |^> of the system is shown in Fig. IC. As 
illustrated by the curves in Fig. IC, after a time period equal to tc, the system is entirely 
5 in the state |^> = |1> and after a time period equal to 2n, the system is again back to the 
initial state of |T> = |0>. In between these time periods, the state of the system occupies 
a superposition of all of the energies, having a state |4^> = a|0> + P|l> + y|2>, where each 
of the curves provides the square of the respective component. The time in seconds for 
these periods (e.g., the period corresponding to n and the period corresponding to 2n) 
10 depends on factors such as the amplitude of the applied signal and the magnitude of the 
energy difference between the degenerate states and the |2> state. Thus, it is clear that 
application of an alternating signal having a frequency that correlates with the energy 
difference between energy levels 100-2 and 100-0 or between energy levels 100-2 and 
100-1 (Fig. IB) will cause the system to oscillate between the respective energy levels. 

15 [0064] In the example above, the initial state of the system was |0). However, the 
inventive method is not limited to doubly degenerate quantimi systems that are fiiUy in 
a |0) (Fig. IB, 100-0) basis state. Indeed, the inventive method may be applied to any 
doubly degenerate quantum system having an initial state that is in a superposition of 
two basis states |0> (100-0, Fig. IB), and |1> (100-1, Fig. IB) and is described by the 

20 potential energy diagram shown in Fig. IB. 

[0065] The duration of the respective period (e.g.^ the period corresponding to n or 
the period corresponding to 2n) is application dependent. In some embodiments, the 
Rabi frequency Qr (i.e. the frequency of an applied signal that induces an oscillation 
between the basis states and the |2) state) is in the range of about 1 mega-Hertz (MHz) 
25 to about 1 giga-Hertz (GHz), corresponding to a Rabi period in the range of about 1 
micro-second (^s) to about 1 nano-second (ns). In some embodiments the Rabi 
frequency Qr is in the range of about 1 MHz to about 500 MHz, corresponding to a 
Rabi period of about 1 |xs to about 2 ns. In the example illustrated in Figure IC, the n 
evolution can correspond to a duration in the range of about 0.5 (is to about 0.5 ns. 

30 [0066] Referring to Fig. IC, the respective Rx(6) operation has a minimimi phase 
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(equivalently a minimum period) of evolution of n. The minimum period of evolution 
is defined as the first point at which the system is entirely in the basis or information 
states. In some cases, the minimum period of evolution required to implement a 
quantum algorithm on a quantimi computer is less than that illustrated in Fig. IC. In an 
5 embodiment of the present invention it is possible to make the minimum period of 
phase evolution for the Rx(9) operation smaller than tc. 

[0067] The present invention is not limited to applications in which the fi-equency 
of the applied signal depends exactly on the respective energy level differences (E100-2 - 
Eioo-o) and (E100-2 - Eioo-i), where h = 1 . In some embodiments, the applied signal can 
10 be detuned. Referring to Fig. IB, detuning is represented by the pseudo energy level 
101. In an embodiment of the present invention, pseudo energy level 101 is a distance 
8 away from energy level 100-2. The magnitude of the de-tuning is represented as 5 
^Qrx 100%, where 

15 and = + is the Rabi frequency for an applied signal between energy levels 

100-0 and 100-2 or 100-1 and 100-2, and ranges from about 0% to an imbounded upper 
limit. The symbol u refers to the coupling between energy levels 100-0 and 100-2, and 
the symbol v to the coupling between the energy levels 100-1 and 100-2. Both u and 
V are off-diagonal terms in the Hamiltonian. 

0 u~ 
V* 

V 0 

Further embodiments of the present invention have detuning magnitudes ranging from 
about 2 percent to about three himdred percent. Furthermore, certain embodiments of 
the present invention include specific detuning values selected from the group 
consisting of about -50%, -25%, 25%, 50%, 100%, 200% or greater. As used here the 
25 term "about" means ±5% in one embodiment, ±10% in another embodiment, and ±20% 
in still another embodiment. In some embodiments, 8 is about the same as the Rabi 
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frequency, and can have values ranging from about 1 MHz to about 1 GHz. These 
detuning values allow for the state of the system to evolve to any desired superposition 
of basis states: |T> = a|0> + P|l>, depending on both the magnitude of the detuning as 
well as the duration of the applied signal. 

5 [0068] Fig. ID illustrates the evolution of the system as a probability of the 

occupation of the system states with respect to the rotation angle or period of evolution. 
The detuning level is illustrated as 5 = 0.5*|m|, where \u\ represents the affect of the 
applied altemating signal on the system. The only difference between Figs. IC and ID 
are that the term 8 5^ 0 has been introduced. The system now has two rotation angles 
10 where the population in the non-information state (state 100-2 from Figure IB) is zero. 
Starting from an initial condition that the system is in the state |^> = |0>, after an 
evolution ri, which corresponds to 2n/3 in Fig. ID, the system is in a superposition of 
the states 100-0 and 100-1. This superposition of states is |^> = a|0> + |3|1>, where a « 
0.75 and p « 0.25. After a complete period, the system returns to the initial state |0>. 

15 [0069] Fig. IE illustrates the same situation as Figs. IC and ID, with the exception 

that the detuning is S = > where \u\ characterizes the effect of the applied 

altemating signal. The behavior illustrated in Fig. IE shows that, for this value of 
detuning, the system implements a quantum NOT operation. Once again the initial 
state of the system is [¥) = |0>, and after an evolution ri, the energy level 100-2 has zero 
20 population and the basis states 100-0 and 100-1 are in an equal superposition. In other 

words, a the rotation angle ri, the state of the system has a magnitude 1 4^) = ^ ^ , 

V2 

such that the system has an equal probability of occup>ing either energy level 100-0 or 
100-1. After some fiirther evolution r2, the state of the system becomes |^> = (1>, and 
the system is entirely in the 100-1 state. At this point r2, the quantimi NOT logic can be 
25 confirmed by noticing that the evolution has flipped the state of the system Thus, 

having 8 at the above value is useftil for some embodiments. Persons of skill in the art 
would recognize that the value of detuning can be controlled to achieve an arbitrary 
desired evolution of the qubit. 
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5.2 Rx(e) OPERATION IN SYSTEMS DESCRIBED BY A BIASED 

POTENTIAL WELL 

[0070] As detailed in Section 2.6.2, above, Zhou et al describes a non-degenerate 
5 double well system 200 (Fig IB) in which a NOT operation is performed. The Zhou et 
al NOT operation requires three energy levels. The first energy level 202-0 and the 
second energy level 202-1 are typically the respective lowest energy levels in potential 
wells 260-1 and 260-2 while the third energy level (202-2) is above a barrier 240 that 
separates potential wells 260-1 and 260-2. As illustrated in Fig. 2, energy levels 202-0 
10 and 202-1 are non-degenerate in the Zhou et al system. This means that they adopt 
different energy values. 

[0071] In Zhou et al, there is an energy difference E2 - Eo between energy levels 
202-0 and 202-2. Likewise, there is an energy difference E2 - Ei between energy levels 
202-1 and 202-2. Energy differences E2 - Eb and E2 - Ei respectively correspond to 
15 frequencies CO02 (Fig. 2, element 242) and CO12 (Fig. 2, element 244). In Zhou et aL, CO02 
does not equal CO12 because energy levels 200-0 and 200-1 are not degenerate. 

[0072] When an alternating signal having an amplitude and frequency correlated 
with CO02 is applied to the Zhou et al, system (Fig. 2), the state of the system oscillates 
between the 202-0 and 202-2 energy levels. Similarly, when an altemating signal 
20 having an altemating amplitude and frequency correlated with CO12 is applied to the 
Zhou et al. system, the state of the system oscillates between the 202-1 and 202-2 
energy levels. 

[0073] Zhou et al. proposed the application of a series of two pulses to achieve a 
quantxmi operation. The pulse sequence consists of a first pulse, having a frequency of 

25 ©02 and applied for a duration Qro (7i/2), and a second pulse, having a frequency of ©12 
and appHed for a duration Qri (n/2). Durations Qri ((|)) and Qr2 ((|)) represent a phase 
evolution of <|) of the respective state of the system while the system is imdergoing Rabi 
oscillations. A Rabi oscillation is characterized as an oscillation of the system between 
energy levels under the influence of an apphed altemating signal. Rabi oscillations 

30 occur when the applied signal has a frequency cor = En - Em, where N and M are the 
respective energy levels between which the system will oscillate and h=l for 
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convenience. When this signal is appUed, the system will undergo Rabi oscillations 
with a frequency Qr. 

[0074] More specifically, Zhou et al. propose a quantum operation in which a 
system is first initialized to the |0> state. In other words, the system is first initialized so 
5 that it occupies the |0> state (202-0, Fig. 2). Then, in accordance with Zhou et al, a 
first pulse is applied to the system. This first pulse causes the state of the system to 
shifl: to |2> (Fig. 2, 202-2). Next, in accordance with Zhou et al., a second pulse is 
applied to the system. The second pulse causes the state of the system to shift to |1> 
(Fig. 2, 202-1). 

10 [0075] As discussed in Section 2.6.2 above, a critical limitation of the operation 
proposed by Zhou et al, is that the system must start in the |0) (Fig. 2, 202-0) state. 
Because the Zhou et al. operation does not allow the system to be in any arbitrary 
superposition of two basis states (any arbitrary superposition of energy levels 202-0 and 
202-1), it cannot be considered a Rx(^) [quantum NOT] operation. 

1 5 [0076] An embodiment of the present invention overcomes the limitations of Zhou et 
al. In this embodiment, a quantum NOT operation is applied to a system having a non- 
degenerate double well potential energy landscape illustrated in Fig. 2 using the 
algorithm illustrated in Fig. 3. A first signal is applied in step 302 (Fig. 3). The first 
signal has a frequency that depends on the energy difference between an energy level 

20 202-2 (Fig. 2) and a first basis level (one of energy level 202-0 or 202-1 of Fig. 2) for a 
duration ti. 

[0077] A second signal is applied in step 304 (Fig. 3). The second signal has a 
frequency that depends on the energy difference between energy level 202-2 and a 
second basis energy level (the other of energy level 202-0 or 202-1 of Fig. 2). The 

25 second energy level is applied for a duration ta. For example, if the frequency applied 
in step 302 depends on the difference in the 202-2 and the 202-0 energy levels, then the 
frequency appUed in step 304 depends on the difference between the 202-2 and 202-1 
energy levels. Each of the applied frequencies can be slightly out of resonance with the 
respective energy level difference to within the linewidth of the respective energy 

30 levels. Otherwise, a detuning effect will occur and other factors will have to be 
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included in the gate action to determine its effect on the state of the system. 



[0078] A third signal is applied in step 306. The signal applied in step 306 has the 
same characteristics and duration as the signal applied in step 302 (Fig. 3). An 
advantage of the novel pulse sequence illustrated in Fig. 3 is that the sequence performs 
5 a quantum NOT [RxC^i)] operation on a system described by the non-degenerate 
potential energy landscape (Fig. 2) irrespective of the initial state of the system. An 
arbitrary initial state of a system having the potential energy landscape illustrated in 
Fig. 2 is a|0> + P|l> + 0|2>, where a and p are complex nvunbers, |0> is the 202-0 energy 
level, |1> is the 202-1 energy level, and |2> is the 202-R energy level. When pulse 302 
10 is applied for the appropriate dvu"ation, the state ^ of the system becomes either: 

l^i> = 0|0>-hp|l> + a|2> 

or: 

|4^i> = a|0> + 0|l> + P|2>. 

After signal 304 is applied for the appropriate duration the state of the system, denoted 
15 1^2), becomes: 

14'2> = 0|0> + a|l> + P|2> 



or 



|4'2> = P|0>H-0|l> + a|2>. 

After signal 306 is applied for the appropriate duration the final state, denoted |^f>, of 
20 the system becomes: 

|TF> = P|0> + a|l> + 0|2>. 

[0079] The net result of the pulse sequence illustrated in Fig. 3 is that the |0> state 
component is swapped with the |1> state component and no information about energy 
level |2> remains. The duration of each of the respective signals depends on the Rabi 
25 fi^equency, and the Rabi fi-equency in tum depends on the energy level difference and 
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the amplitude of the appHed signal. Each of the pulses represents about a nil rotation 

angle, hence the appropriate duration for each of the pulses is given as / = . In 

2 • 

some embodiments, the duration of each of signals 302, 304 and 306 ranges from about 
10 |as to 1 ns. In some embodiments, the duration of each of signals 302, 304 and 306 
5 is less than 1 ns. In some embodiments, the duration of each of signals 302, 304 and 
306 is more than 100 ps. 

[0080] In another embodiment, an Rx(0) operation includes (i) providing a system 
having a first and second energy level as basis states, and a third and fourth energy 
levels, wherein the third and fourth energy levels are above the central barrier, (ii) 

10 applying a first signal having an altemating amplitude, wherein the frequency of the 

first signal depends on the energy level difference between the first and the third energy 
levels, coi3 = E3 - El, (iii) appljdng a second signal having an altemating amplitude, 
wherein the frequency of the second signal depends on the energy level difference 
between the second and fourth energy levels, ©24 = E4 — E2, (iv) applying a third signal 

15 having an altemating amplitude, wherein the frequency of the third signal depends on 
the energy level difference between the second and the third energy levels, 023 = E3 - 
E2, and (v) applying a fourth signal having an altemating amplitude, wherein the 
frequency of the fourth signal depends on the energy level difference between the first 
and fourth energy levels, CO14 = E4 - Ei , wherein the duration of the first and second 

20 signals represents that same rotation angle 0i in the respective Rabi oscillation, and the 
duration of the third and fourth signals represents the same rotation angle ©2 in the 
respective Rabi oscillation. In some embodiments, the second rotation angle for the 
third and fourth signals 02 = 7i/2, and the first rotation angle for the first and second 
signals is chosen to select the desired rotation angle of the Rx(0) operation. In some 

25 embodiments, the first and second signals can be applied simultaneously to the system, 
and the third and fourth signals can also be applied simultaneously, however, the 
durations of each of the signals will vary depending on the respective energy level 
separation. 
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53 QUANTUM GATES IN SYSTEMS HAVING TWO PAIRS OF 
DEGENERATE ENERGY LEVELS 



[0081] Another aspect of the invention provides systems and methods for quantum 
5 computation. Referring to Fig. 4, this aspect of the invention uses a quantum system 
described by a potential energy diagram 400. Potential energy diagram 400 comprises 
two pairs of degenerate energy levels. The first pair of degenerate energy levels 
consists of energy levels 402-0 and 402-1 and the second pair consists of energy levels 
402-2 and 402-3. In a quantum system described by diagram 400, energy level 402-0 is 

10 considered the |0> basis state and energy level 402-1 is considered the |1> basis state. In 
an embodiment of the present invention, the height of the barrier 440 relative to energy 
of the second pair of energy levels permits quantum tunneling between 402-2 and 402- 
3. The tunneling amplitude A of the system (levels 402-2 and 402-3) is the inverse of 
the period at which they naturally oscillate (e.g. the inverse of the period at which they 

15 naturally oscillate in the absence of an applied signal). 

[0082] The quantum computation method in accordance with this aspect of the 
invention is described in Fig. 5. In step 502, an alternating signal is applied to the 

TV 

system for a time period 520, which depends on the Rabi frequency Qr as / = . 

2 • 

The frequency of the alternating signal correlates with the energy level separation 
20 between the first and second pairs of energy levels. In other words, the frequency of 
the alternating signal depends on the energy level separation between energy levels 
402-0 (402-1) and 402-2 (402-3) (Fig. 5). The signal applied in step 502 causes the 
state of the system to shift from the basis states (|0), energy level 402-0, and/or |1) 
energy level 402-1) to energy levels 402-2 and/or 402-3. 

25 [0083] In step 504, the system is allowed to evolve freely for time period 530. 

During time period 530, the state of the system shifts from energy state 402-2 to 402-3 
or vice versa at a determinable rate due to quantum tunneling effects. Quantum 
tunneling is a phenomena that occurs in systems governed by the laws of quantum 
mechanics and is fiirther discussed in Section 2.7.1, above. Time period 530 depends 

30 on the desired quantum computing operation, and correlates with the tunneling 
amplitude A of the system as 
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[0084] In step 506, a signal that has the same characteristics as the signal applied in 
step 502 is applied for a time period 540. The signal applied in step 506 causes the 
system to shift from the second degenerate energy pair (energy states 402-2 and 402-3) 
back to the first degenerate energy pair (energy states 402-0 and 402-1). In some 
5 embodiments, time period 540 is the same as time period 520. In some embodiments, 
time period 540 is less than the period 520. Time periods 540 and 520 are a function of 
the power of the applied signal and the energy level separation. 

[0085] The utility of this aspect of the present invention is best understood using an 
example. Consider the case in which a quantum system that has potential energy 

10 landscape 400 (Fig. 4). At some initial time prior to application of the inventive signal 
protocol, the system is in the |0) basis state (energy level 402-0). Upon application of 
the first external signal (Fig. 5, step 502), the system shifts to the 402-2 energy state. 
During step 504 (Fig. 5), txmneling between the 402-2 energy state and the 402-3 
energy state occurs at a rate that is dependent upon tunneling amplitude A. Therefore, 

15 the rate at which tunneling occurs between the 402-2 energy state and the 402-3 energy 
state is dependent upon the physical characteristics of the system and can be accurately 
determined. In order to achieve an Rx(^) [quantum NOT] operation, time period 530 
(step 504, Fig. 5) is chosen such that the system completely evolves (txmnels) from the 
402-2 energy state to the 402-3 energy state. Next, application of a third external signal 

20 (step 506, Fig. 5) causes the state of the system to shift from the 402-3 energy state to 
the 402-1 energy state. 

[0086] The methods provided in this aspect of the invention are capable of 
achieving quantum operations irrespective of the initial state of the system. In other 
words, methods in accordance with this aspect of the invention can be used in quantum 

25 systems described by potential energy diagram 400 in which the initial state is a 

superposition of the |0> basis state and the |1) basis state. The precise quantum gate that 
is applied to the system is determined by the length of time period 530 that the system 
is allowed to evolve (tunnel) during step 504 (Fig. 5). In the example provided above, 
time period 530 (step 504, Fig. 5) is chosen such that a Rx(7i) [quantum NOT] 

30 operation is achieved. However, other gates are possible by choosing different time 
periods 530. 
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5.4 READOUT OPERATION 

[0087] The present invention provides readout operation methods, discussed in 
5 Section 5.4. 1 below, and readout operation apparatus, discussed in Section 5.4.2 below. 

5.4.1 READOUT OPERATION METHODS 

[0088] One aspect of the present invention provides a method for performing a 
readout operation. This aspect of the invention is applicable to a quantum system that 
10 is described by a potential energy diagram that has at least three energy levels. Two of 
these energy levels may be degenerate and the third energy level has a finite probability 
of tunneling to a nonstationary state. 

[0089] In the inventive method, the quantum system is biased so that the 
degeneracy between the first and second energy levels is broken. In one embodiment, 
15 the bias is applied by application of a direct current across a Josephson junction as 
described in Section 5.4.2 below. When the system is biased, it has the potential 
energy diagram illustrated in Fig. 2. 

[0090] Next, a third energy level 202-R (Fig. 2) is selected, wherein the third 
energy level has a non-zero probability of escaping fi^om the double well potential, and 

20 an alternating signal is applied to the biased quantum system. The fi-equency of this 
alternating signal determines which of the basis states |0> (Fig. 2, 202-0) or |1> (Fig. 2, 
202-1) of the system are read out. When the fi-equency cor of the altemating signal 
depends on the energy difference between the third energy level (Fig. 2, 202-2) and the 
first energy level (Fig. 2, 202-0), as cor = E202-R - E202-0, the state of the system shifts 

25 fi-om the |0) basis state to the third energy level (Fig. 2, 202-R). Because the third 

energy level has a finite probability of tunneling to nonstationary state 202-R (Fig. 2), 
the state of the |0) basis state can be read out fi-om the nonstationary state 202-R. When 
the fi-equency cor of the altemating signal depends on the energy difference between the 
third energy level (Fig. 2, 202-R) and the second energy level (Fig. 2, 202-1), as cor = 

30 E202-R - E202-1, the state of the system shifts fi^om the |1) basis state to the third energy 
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level (Fig. 2, 202 -R). In this way, the state of the |1> basis state can be read out by 
measuring the nonstationary state 202-R. 

[0091] This aspect of the invention is applicable to any system that can be biased so 
that it has the potential energy diagram 200 (Fig, 2). The method is not limited to 
5 reading out systems that are entirely in the |0> basis state or the |1> basis state. In fact, 
the method can be used to read out systems that are in any superposition of the |0> basis 
state and the |1> basis state. This is accomplished by applying one of two external 
signals. One of the two signals is used to read out the |0> basis state. The frequency of 
this signal correlates to the difference between energy level 202-2 and energy level 
10 202-0 (Fig. 2). The other of the two signals is used to read out the 1 1) basis state. The 
frequency of this other signal correlates to the difference between energy level 202-2 
and energy level 202-1 (Fig. 2). 

5.4.2 SYSTEM APPARATUS 

15 [0092] One embodiment of the present invention provides a system 600 (Fig. 6A) 
for performing the readout operation discussed in Section 5.4.1. System 600 comprises 
a Josephson jimction 640- A, a current source 650, and voltmeter 660. Josephson 
junction 640-A is formed out of the juxtaposition of two misoriented imconventional 
(d-wave) superconducting materials. An unconventional superconducting material has 

20 a pairing symmetry with non-zero angular momentum of its Cooper pairs. 

[0093] Materials useful for forming Josephson junction 640-A include, but are not 
limited to, heavy fermions (e.g., UPta and URu2Si2), Sr2Ru04 and the high-Tc cuprates 
(e.g., YBa2Cu307.x, Lai.85Bao.i5Cu04, Tl2Ba2Cu06^-x, and Hgo.8Tlo.2Ba2Ca2Cu3O8.33). 
YBa2Cu307.x is also referred to as YBCO. Additional materials useful for forming 
25 Josephson junction 640-A include p-wave superconductors. In some embodiments, 

Josephson junction 640-A initially provides a double degenerate ground state (e.g.. Fig. 
IB). In one embodiment, Josephson junction 640-A is the sub-micron grain boundary 
Josephson junction described in Il*ichev et al, 2001, Physical Review Letters 86, 5369, 
which is hereby incorporated by reference in its entirety. 

30 [0094] In some embodiments of the present invention, Josephson junction 640-A 
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has a width ranging from 0.1 micrometers (n-m) or less up to approximately 1 ^m or 
more. In some embodiments, the estimated Josephson penetration depth of 
Josephson junction 640-A is larger than the width of the jimction. In some 
embodiments, the critical current density jc of Josephson junction 640-A is between 10^ 
5 and 10"* Amperes/centimeter^ (A/cm^). In some embodiments, Josephson junction 640- 
A has a capacitance of C = 10 femtoFarads (fF). In some embodiments, Josephson 
jimction 640-A has a critical current, denoted Ic, of 100 nano Amperes (nA), In some 
embodiments, Josephson junction 640-A has a plasma frequency, denoted cOp, of 25 
GHz. In some embodiments, Josephson junction 640-A has a ratio of Josephson energy 
10 Ej to Coulomb energy Ec of approximately 15. 

[0095] Parameter ranges useful for a system in accordance with an embodiment of 
the present invention include the following. The Josephson junction can have a 
capacitance C = 10 femto-Farads (fF), and can range in size from about 100 nano- 
meters (nm) to about ISOOnm, respectively corresponding to the range 10 femto-Farads 

15 (fF) - 200 fF. The critical current scales with width (for constant thickness) as Ic «: w^, 
and a useful widths range from about 50nm to about 4000nm, for a corresponding 
range of critical current values of lOOnA — 20 micro- Amperes (^A), The plasma 
frequency can range from about IGHz to about 500GHz. In a bistable Josephson 
junction (i.e. d-wave grain boimdary Josephson junctions) as the capacitance is 

20 increased, while the critical current remains the same, the plasma frequency decreases 

at a rate of about -j= . As the width of the Josephson junction is increased, and the 

film thickness is held constant, the plasma frequency increases as about V>v . A ratio of 
Josephson energy Ej to Coulomb energy Ec can be approximately 15, and a useful 
range is about 32 through 3, or about 1% - 33%. 

25 [0096] In one embodiment, Josephson junction 640-A (Fig. 5) has a double well 
potential with respect to phase across the jimction in the absence of external bias. In 
this embodiment, Josephson junction 640-A can be used as a qubit and can be read out 
using the techniques disclosed in Section 5.4.1 above. In order to induce Rabi 
oscillations between energy levels or basis states of system 600, an alternating current, 

30 having a frequency tuned to the energy difference between the respective energy levels. 
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is applied. In order to read out the state of the system, a bias is applied to break the 
degeneracy of the double well potential to create a system having an energy diagram 
like that illustrated in Figure 2. In one embodiment, the bias is applied by application 
of a direct current across Josephson jxmction 640- A. An altemating signal is then 
5 applied. The frequency of this altemating signal has a frequency that is associated with 
the difference between a readout energy level and the first or second energy levels. The 
readout energy level is found by taking an energy level in the double well potential that 
is close to but still below that of outer barriers 211 and 212 (Fig. 2), such that if the 
system is excited to that energy level it will have a high probability of tunneling to the 

10 non-stationary state. Referring again to Figure 2, the readout energy level is 

represented by energy level 202-R and the associated frequency between energy levels 
202 -R and 202-1 is coir. If system 200 is excited to energy level 202-R it will have a 
high probability of escaping the potential well on the side where the barrier is lower 
(Fig. 2, 21 1). In Fig. 6A, measurement of the state of system 600 can be realized by 

1 5 detecting the non-stationary state 202-R by measuring for a potential drop across 
Josephson junction 640-A. 

5.5 PHYSICAL SYSTEMS 

[0097] Another embodiment provides a physical system 675 (Fig. 6B) for 
20 performing the methods for quantum computing described in the sections above. 

System 675 includes a radio frequency superconducting quantum interference device 
(rf-SQUID). Fig. 6B illustrates an rf-SQUID system 675, that includes a loop of 
conventional superconducting material 641, a Josephson junction 640-B breaking loop 
641, and a system 620 for controlling and measuring loop 641 . Control system 620 is 
25 any system that can apply flux through loop 641 . Representative control systems 620, 
in accordance with various embodiments of the invention, include dc-SQUIDs and tank 
circuits, both of which are well known in the art. See, e.g., U.S. patent application 
serial no. 60/341,794, entitled "Characterization And Measurement of Superconducting 
Structures" filed December 18, 2001; Il'ichev et al, 2001, Review of Scientific 
30 Instruments 72, pp. 1882 - 1887; and Makhlin et aL, 2001, "Quantum-State 

Engineering with Josephson- Junction Devices," Reviews of Modem Physics, 73, p. 357, 
which are hereby incorporated by reference in their entireties. 
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[0098] System 675 is typically flux-biased in order to form a double well potential. 
In one embodiment, application of an altemating signal to system 675 comprises 
driving the signal through control system 620. 

5.6 FURTHER PHYSICAL SYSTEMS 

5 

[0099] Another embodiment of the present invention provides a microscopic 
physical system 700 (Fig. 7) for performing the methods for quantum computing 
described in the sections above. Embodiments of the present invention include the use 
of microscopic systems as qubits. System 700 includes a single molecule that includes 

10 a double well energy potential. An example of such a molecule is the well known 

ammonia molecule (NH3) which has a double well energy potential for position of the 
nitrogen atom. See, eg., R. Feynman, The Feynman Lectures on Physics (Addison- 
Wesley, Reading, MA, 1964), Vol. 3, which is hereby incorporated by reference in its 
entirety. Other examples of such molecules are XY3 molecules. Embodiments of the 

15 present invention make use of XY3 molecules for quantum computing. XY3 molecules 
are trigonal pyramidal molecules having hydrogen atoms (H) (or an isotope of 
hydrogen such a deuterium (D), or tritium (T)), all denoted by the variable Y, arranged 
in a plane 706. Examples of XY3 molecules include, but are not limited to NH2CN, 
asine (ASH3) and phosphine (PH3). The X molecule (N in the case of ammonia. As in 

20 the case of asine, and so forth) can be found at various points along the vertical 

reference line 705. System 700 can form a double well energy potential such as that 
illustrated in Fig. 1 A. In some embodiments, the ground state energy level 100-0 of the 
double well energy potential corresponds to the X molecule being in position 701 
above plane 706, and the ground state energy level 100-1 of double well energy 

25 potential corresponds to the X molecule being in position 702 below plane 706. 

[00100] In the case of the ammonia molecule, which has a large tuimeling 

amplitude, the nitrogen atom will naturally (coherently) tunnel between positions 701 
and 702 relative to the plane of the hydrogen atoms (and therefore between energy 
levels 100-0 and 100-1). The ammonia molecule has been proposed as a qubit. See, 
30 e.g., Andrew J. Ferguson, Paul A. Cain, David A. Williams, and G. Andrew D. Briggs, 
"Ammonia-based quantum computer'*. Physical Review A, 65, 034303 (2002), which is 
hereby incorporated by reference in its entirety. However, the single qubit NOT 
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operation relies on the natural tunneling of ammonia. Therefore, in the Ferguson et al. 
implementation of a NOT operation, the qubit oscillates between information states at a 
given frequency correlated with the probability for the state of the system to tuimel 
under barrier 110 from Fig. 1 A. The NOT operation occurs due to natural tunneling 
5 (unprompted by outside signals) resulting in a system that undergoes undesired 
evolution when it is isolated. 

[00101] Some embodiments of the present invention include qubits comprised of 
molecules with double well potential but without significant natural txmneling to 
perform the methods for quantum computing described in the sections above. These 

10 embodiments of the present invention can make use of XH3 molecules having a 

tunneling amplitude, expressed in frequency imits, that is less than the Rabi frequency. 
Without tunneling, a NOT operation in accordance with aspects of the present 
invention can be induced through Rabi oscillations. Referring to Fig. IB, some 
embodiments of the present invention can make use of a third energy level 100-2 that is 

15 above the barrier 1 10. The level 100-2 need not be the first level above barrier 110. 
Some embodiments of the present invention make use of an energy level 100-2 that is 
about 10*^ to about 10^^ Hertz separated from energy levels 100-0 or 100-1. Further 
embodiments of the present invention include qubits comprised of ensembles of 
molecules having a double well potential with a tunneling amplitude that, expressed in 

20 frequency units, is approximately equal to or less than the arithmetic inverse of the 

decoherence time of the qubit. The dipole moment of an XY3 molecule is non-zero and 
depends on the state of the molecule. Some embodiments of the present invention use 
of the differing dipole moments of XY3 molecules in an ensemble of XY3 molecules to 
identify the state of the molecule. Some embodiments of the present invention use 

25 electric fields to separate molecules in each of the two ground states. In these 

embodiments, the electric field accelerates molecules having different dipole moments 
in opposite directions, causing the molecules to group into different velocities. Some 
embodiments of the present invention use this velocity selection to selectively induce 
quantum NOT operations. Laser light that is slightly detuned by an amoxmt e from the 

30 appropriate frequency for inducing a quantum NOT operation, /.e., cooi, is applied to the 
ensemble of molecules. The detuning e is matched to a Doppler shift in the energy 
level separation of a particular velocity group. The sign of the Doppler shift is 
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direction dependent and therefore the quantum NOT operation can be selectively 
preformed on the molecules of a particular velocity group. Selection of a velocity 
group of molecules based on Doppler shift detuning is well known. See, e.g., H. J. 
Metcalf and P. van der Straten, Laser Cooling and Trapping, (Springer- Verlag, New 
5 York, 1999), and Cohen-Tannoudji et al. Reviews of Modem Physics, 70, p. 707 
(1998), which are hereby incorporated by reference in their entireties. 

5.7 ALTERNATE EMBODIMENTS 

[00102] While the present invention has been described with reference to a few 

10 specific embodiments, the description is illustrative of the invention and is not to be 
construed as limiting the invention. Various modifications may occur to those skilled 
in the art without departing from the tme spirit and scope of the invention as defined by 
the appended claims. 
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